Introduction
Synchrotron radiation devices-"':"bending magnets, wigglers, and undulators-in nextgeneration, low-emittance electron storage rings are sources of high-brightness radiation in the wide spectral region covering photon energies between several e V and several tens of keY. Furthermore, the undulator radiation from 1 to 2 GeV rings will have substantial coherence properties in the vacuum ultraviolet (VUV) and the soft x-ray regions, generating tens of milliwatts of time-averaged, transversely coherent power of I-micron coherence length [1] . In this paper we shall summarize the characteristics of synchrotron radiation with particular emphasis on the brightness and the coherence properties. As the number of undulator periods N increases, the cumulative effects of radiation-electron beam interaction can lead to an exponential amplification in radiation intensity [2] and significantly enhanced coherence properties over simple undulator radiation. We shall review the radiation characteristics in this so-called high-gain free electron laser regime.
The angular distribution and the intensity characteristics of synchrotron radiation are extensively reviewed in the literature [3] . To describe how the radiation propagates through free space and lenses, and how it forms images and interference patterns, however, it is necessary to understand the flux distribution in angle-position phase space. The flux density in phase space is called the brightness, which is invariant under optical transformation and therefore a true characterization of the source strength. The photon flux contained in that portion of the phase space whose area is less than the coherent phase-space area, given by A/2 where A is the wavelength, is transversely coherent. For synchrotron radiation, the brightness can be rigorously calculated in terms of the Wigner distribution function [4, 5] . Although the resulting formulas are complicated, the important features of the phase space distribution can be understood by suitable approximation. These are the subjects of Sections 2 and 3.
The evolution of radiation characteristics and the electron correlation from simple undulators to high-gain free electron lasers can· be determined by solving the MaxwellKlimontovich equations [6] . The radiation in the high-gain regime exhibits exponential growth and guiding, and is fully coherent transversely. An undulator with N about 1000 in a bypass of a low-emittance storage ring can generate tens of megawatts of peak coherent power at wavelengths shorter than 1000 A [7] . These are the subjects of Section 4. In discussing the propagation properties of radiation, the density of the photon flux in phase space plays a fundamental role and is generally referred to in optics as the brightness [8, 9] . The brightness is the phase-space density of the photon flux, evaluated in the forward direction and at the center of the source, i.e., at the origin of the phase space, as follows:
Here 0 and I/; are the horizontal and vertical angles, and x and yare the horizontal and vertical coordinates, respectively. (It should be noted that this quantity is sometimes called the brilliance.) The brightness uniquely characterizes the strength of a radiation source, as it is invariant under propagation through linear optical elements, such as lenses or free space.
Integrating· the phase-space density over the angles or the position coordinates, we obtain the spatial or angular density of flux:
For synchrotron radiation, the angular density of flux [Eq. (3) ] has traditionally been the most familiar quantity, as it can be calculated from standard textbook formulas, and it is sometimes mistakenly called brightness. However, it is not an invariant measure of the source strength, because its magnitude depends on the nature of the beam line focusing element. Finally, one obtains the flux by integration, as follows:
The flux is another invariant that characterizes the source strength.
It is generally convenient to consider the various differential fluxes introduced above in a small bandwidth around a given energy. In this case, we use the adjective spectral. Thus, we speak of the spectral brightness, spectral flux, the angular density of spectral flux, and so on. .' (5) where ~ = (O,if;), x = (x,y), k = 27r/'A, ' A = wavelength, and iff is the angular spectrum of the electric field given by (MKS units)
Here e = electron charge, EO = vacuum dielectric constant, C = light velocity, n = (~, 1-~2 /2) is the direction vector, and x and v are, respectively, the position and the velocity vector of the electron trajectory.
(ii) For Ne electrons distributed randomly, the brightness is given by (7) Here f(x e , ~e) is the probability distribution function of electrons. The area of the xe -~e space is known as the beam emittance.
(iii) The above expression is the brightness referred to the source plane at z = 0, where z is the longitudinal coordinate along the optical axis. For the brightness at z *" 0, one uses the following transformation rule:
Here M is a 2 X 2 matrix given by a product of matrices-one for each lens and free space. These matrices are given by
/ f n for a lens offocal length f . (9) Once the brightness is determined, other quantities of physical interest are obtained by integration, Eqs. The method summarized here is a systematic approach for the calculation of the intensity distribution at an arbitrary transverse plane, taking into account the effects of electronbeam emittance, finite di'stance from source, and diffraction. An alternative method would be to evaluate the full radiation formula, keeping all the near-field terms. The latter method involves complicated numerical integrations which must be repeated from the beginning for intensity calculations at different z with the same source. Another important characteristic of the photon beam is the coherence, which is the degree to which' the radiation can exhibit interference patterns [11] . Two types of coherence can be distinguished [12] : The transverse coherence refers to the coherence o(the electromagnetic disturbances at two points perpendicular to the propagation direction. The longitudinal (or temporal) coherence refers to the case of two points along ,the propagation direction.
Photons within the coherent phase-space area A/2, where A is the radiation wavelength, is transversely coherent. Since there are two transverse dimensions, the transversely coherent flux is given by .
. The temporal coherence is characterized by the coherence length t e , which is related to the bandwidth ~/A by
We choose the following units for the spectral flux and the brightness:
Number of photons (sec) (mm 2 ) (mrad 2 ) (0.1 % bandwidth) (11) The coherence will be characterized by the coherent power P eoh which is defined to be the portion of the total power that is transversely coherent and that has a coherence length of 1 micron. With the above units, this becomes
where ~ is the photon energy.
Characteristics of Synchrotron Radiation
The phase-space pattern of the synchrotron radiation is determined by calculating the brightness following the steps summarized in Section 2(b). In doing so, the electron distribution f(xe,tP e ) is assumed to be Gaussian shape. The rms beam sizes in the x and y directions are respectively denoted as (a) Undulators The exact expression for the single-electron brightness 97 0 for undulators is rather complicated. However, one can approximate its shape by a Gaussian function. The rms angular divergence and radiation size for 97 0 are given respectively by (12) Here L is the length of the undulator. The expression for (T r' was determined by Krinsky 
The following discussion is based on these approximations. The pattern of undulator radiation is illustrated in Fig. 1 . The spectrum is sharply peaked around odd harmonics of the fundamental photon energy given by
Here, E is the electron energy, Au is the undulator magnet period, and K is the dimensionless deflection parameter given by
where Bois the peak magnetic field. At each harmonic, the angular distribution has a sharp central cone, which contains most of the useful flux, together with outer rings. The rms angular size of the central cone, (TTx' (or (TTy') in the x (or y) direction, is given by a Gaussian sum of the diffraction-limited angular cone (Tr' and the electron beam angular divergence (Tx, (or(Ty'): (16) The effective source size is given in each direction by a Gaussian sum of the diffraction-limited source size (T r and the electron beam size as follows [13]:
This will be the size of the image when the undulator radiation is focused through one-toone optics.
The spectral flux contained in the central cone at the nth harmonic, within a 0.1 % bandwidth, is given approximately by
where N is the number of undulator periods, / is the beam current, and Qn is given as (19) where the J's are Bessel functions. The flux densities can now be obtained by dividing Eq.
(18) by an appropriate source or angular area. In' particular, the spectral brightness is given by
The phase-space area defined by the central cone (uTx" UTy') and ~he effective source size (UTx, UTy) is larger than the diffraction-limited phase-space area A/2 due to the electron beam emittance. If the emittances are such that (21) then the undulator radiation will be essentially coherent transversely. Such is the case for undulator radiation from next-generation storage rings in the VUV and soft x-ray regions.
The natural bandwidth of undulator radiation at the nth harmonic is !lA/X -.. nN; thus, the coherence length is given by te = nNX, which corresponds to the relativistically contracted length of the undulator. • .. The pattern of wiggler or bending-magnet radiation is illustrated in Fig. 2 . The angular density (per milliradian) of spectral flux from a bending magnet in the forward direction, within a 0.1 % bandwidth, is given by (21) where K is a modified Bessel function of the second kind and r is the photon energy in units of the critical energy. For wigglers the fluxes should be multiplied by an additional factor 2N. For wigglers and bending magnets, the radiation is emitted mainly in the direction parallel to the instantaneous motion of the electron. Assuming that photons from different point of the trajectory are incoherent, the brightness due to a single electron is [4] d 2 yO
Here d2/~/dOdl/; is the angular density of the flux for a single electron, and X(O) and y (O) are the coordinates of the point on the trajectory at which the slope is o. There are, in general, a multiplicity of such points. The summation in Eq. (23) is over those points.
The function d 2 yO 1 dOd I/; will be assumed to be uniform in o. In the vertical direction (I/; direction), it is approximated by a Gaussian shape with the rms angular divergence given by (24) At the critical energy, this becomes 0.32h [13] . The diffraction-limited source size (Jr associated with (J", can be computed from the coherence requirement [Eq. (13)]: (25) For consistency, we replace the delta functions in Eq. (23) by
-8-
The brightness for the electron beam can then be computed using Eq. (7). To simplify the calculation, we neglect the effect of the curvature of the electron trajectory on the effective source size. The expression for the bending-magnet brightness then becomes
In the above, 1'y is the third betatron function in the y direction, Ey is the beam emittance, D is the dispersion function in the x direction, and U E is the rms value of the relative energy spread. Notice that the nonvanishing dispersion function in the bending magnet contributes to an additional term in the effective source size, proportional to the energy spread. The brightness expression for wigglers is
Here Aw is the wiggler period. The effects of the depth of field -a result of the contributions from different poles -are apparent in the above expression. The exponential factor in Eq. (28) arises from the fact that wigglers have two source points, separated by 2xo, where There are several proposals for next-generation synchrotron radiation facilities [14] . These are all based on low-emittance (less than 10-8 m-rad), high-current (several hundred milliamperes) electron or positron storage rings, and are optimized for undulator operation to produce high-brightness radiation. Of these the 5-7 GeV machines are optimum for hard x-rays, and the 1-2 GeV machines for the VUV and the soft x-ray spectral regions. Here we describe the undulators and wigglers and their performances for one of the latter
machines, the 1.5-GeV Light Source proposed by Lawrence Berkeley Laboratory [15] .
The electron parameters of the Light Source relevant to our discussion here are electron energy = 1.5 GeV, beam current (average) = 400 rnA, Ex = 4 X 10-9 m-rad, and Ey = 0.1 X Ex. Table I summarizes the parameters for four possible undulators and a wiggler. These parameters are chosen so that the spectrum covers the VUV and the soft x-ray regions in an orderly and overlapping fashion. The devices also provide some coverage down to 0.5 eV in the near-infrared region (by means of the undulator U20.0) and up to about 10 keY in the hard x-ray region (by means of the wiggler W13.6).
The spectral flux and the spectral brightness for these devices are shown in Figs. 3 and  4 , respectively. Figure 5 gives the coherent power as defined in Section 2(d).
For undulators we take the view that the first and third harmonics provide useful output (harmonics of higher order are also present, but they are less useful and also more sensitive to construction errors). This point is important, because it is generally possible to design beam line optical systems to handle wider energy ranges than can be covered with the fundamental radiation of an undulator. As a rough guide, the useful operating range of an . undulator is considered to lie between the energy of the fundamental at the largest achievable K value and the energy of the third harmonic at K = 0.5. It is on this basis that the working ranges of the specified devices are said to overlap.
For a given total length of undulator and for a given desired photon energy, it is usually better to choose a higher value of K. This is because the spectral flux in the central cone [see Eq. (I 8)] is proportional to Qn(K), which increases with K. In addition, the larger K also implies a shorter period length [see Eq. (I4)], hence a further increase in flux by virtue of the larger number of periods, N. However, the validity of this rule is limited by power considerations: As the value of K becomes large, the undulator effectively becomes a wiggler for large harmonic numbers n, and the total power generated, most of which is in unwanted spectral regions, may become unacceptably large. For each insertion device listed in Table I , the total power is limited to a few kilowatts.
Higher photon energies are generally obtained by using a shorter period length; however, there is a lower limit to the practical period length of an undulator, because the magnetic field decreases rapidly as the ratio of the period length to the magnet gap becomes small. The magnets are of the hybrid configuration, consisting of steel poles and permanent magnets [16] . The minimum magnet gap is assumed to be 1.5 cm.
From Undulators to High-Gain Free Electron Lasers
In simple undulators discussed so far, electrons, which are initially uncorrelated, remain essentially uncorrelated as the electron bunch moves through the undulator. The radiation emitted in this case, called the undulator radiation, is analogous to the spontaneous emission in atomic systems. As the number of the undulator periods, N, increases, the cumulative effects of the radiation-electron beam interaction could lead to a density modulation in the electron beam and an exponential amplification of the undulator radiation. Undulators operating in this regime will be called the high-gain FELs. The radiation emitted in this case will be called self-amplified spontaneous emission (SASE) by analogy with laser terminology.
The high-gain FELs operating in the SASE mode do not require the use of highreflectivity mirrors to form optical cavities. Thus, they are promising alternatives to the -10-usual FELs as generators of intense, coherent radiation at wavelengths shorter than 1000 A.
At microwave wavelengths, the principle of SASE has been experimentally confirmed at Lawrence Livermore National Laboratory [17] .
(a) Characteristics
The radiation characteristics of high-gain FELs have been studied with various degrees of sophistication [2, 5, [18] [19] [20] [21] . Here, we summarize the results of the recent analysis based on the three-dimensional Maxwell-Klimontovich equations [5] .
An important parameter characterizing high-gain FELs is the following dimensionless quantity [2] :
where j is the beam current density and [JJ] is the Bessel function factor in the curly brackets in Eq. (19) . For cases considered here, p is typically of order 10-3 . Figure 6 summarizes the evolution of radiation characteristics from simple undulators to SASE. For pN « 1, the radiation is an incoherent superposition of radiation from individual electrons and is referred to as undu1ator radiation. It is partially coherent transversely due to finite electron beam emittances. The bandwidth is about 1/ N. For larger N but with pN ;:s 1, the FEL interaction causes modulation in the correlation of the electrons, resulting in enhanced radiation intensity and coherence. Barring certain degenerate situations, the radiation amplitude is' dominated by a single mode which grows exponentially is fully coherent transversely. The relative bandwidth in this exponentially growing regime is smaller than that of the undulator radiation by a factor V pN. Finally, the exponential growth stops when pN --1 due to the increased momentum spread induced by the FEL interaction.
High-gain FELs can also be used in an amplifier mode if coherent input radiation is available at the desired wavelengths. The coherence properties of the emitted radiation in this mode would be the same as those of the input.
(b) A High-Gain FEL in a Bypass of a Storage Ring Modern storage rings provide the high-density electron beams required for high-gain FEL operation. For efficient interaction, the undulator must be long and have a narrow gap. Such a device, if placed in a normal section of a storage ring, would severely limit the acceptance of the ring and thus reduce the beam lifetime due to scattering with the residual gas. Moreover, the interaction of the beam with an FEL undulator is disruptive to the beam itself in terms of energy loss and increased momentum spread. To avoid these problems, the undulator can be placed in a special bypass section [7] , as shown schematically in Fig. 7 . The electron beam normally circulates in the storage ring without passing through the FEL undulator. Once every damping time, the beam is directed into the bypass section, where the interaction with the undulator takes place, generating intense, coherent radiation. As the beam leaves the undulator, it is deflected back into the storage ring, where synchrotron radiation damping reduces the induced energy spread. After one damping time, the
beam is ready to be injected into the bypass again ..
A feasibility study of an optimized storage ring for a high gain FEL operating at 400 A was recently carried out at Lawrence Berkeley Laboratory [22, 231 . Important aspects of storage ring issues, such as collective instabilities and lattice optimization, bypass considerations, and operational requirements were studied. By studying several examples of 750-Me V storage ring lattices, it was concluded that the high beam quality demanded· for these high-gain FELs can be achieved with presently available accelerator technology.
The storage ring for the Light Source discussed in Section 3( c) is not optimized for high-gain FELs, but could still provide significant performance when the beam energy is lowered to 750-MeV. Table 2 gives the electron beam parameters for 750-MeV operation and possible undulator parameters for 400 A radiation [241. The expected amplification factors (for the amplifier mode) and the SASE power is shown for different undulator lengths in Table 3 . The laser saturates for a 45-m undulator, and generates 10 MW of SASE power. However, the maximum length of the undulator in a bypass that can be fitted inside the storage ring is 20 m, which the SASE power is only 0.8 kW. To reach saturation in a 20-m undulator, we can install two low-reflectivity mirrors at each end of the undulator, and run the storage ring with a few electron b~nches separated by twice the distance between mirrors. Mirrors at these wavelengths could be made from multilayer materials. Assuming a 30% reflectivity, saturated laser operation is possible with three bunches stored in the ring . aThe photon energy range of the fundamental and the third harmonic (shown in brackets) as K decreases from its maximum value to 0.5. The angular-spatial pattern of undulator radiation. Fig. 2 . The angular pattern of radiation from wigglers and bending magnets. Fig. 3 . The spectral flux from the proposed LBL Light Source [15] . For undulators, solid lines represent the fundamental and dashed lines the third-harmonic radiation. For wigglers and bending magnets, a 5 mrad horizontal collection angle is assumed. Fig. 4 . The spectral brightness from the proposed LBL Light Source [15] . For undulators, solid lines represent the fundamental and the dashed lines third-harmonic radiation. Fig. 5 . The average coherent power from the undulators for the proposed LBL Light Source [15] . The dashed line third-harmonic radiation. 
